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Abstract 
The aim of this paper is to study those pairs of complementary equivalence relations on 
a fixed set which are maximal as families of mutually complementary equivalence r lations. The 
existence of such pairs on uncountable sets was proved by Steprgns and Watson (1995). They 
conjectured that such pairs do not exist in the finite and in the countable case. Here we disprove 
this conjecture by proving that they exist in huge quantity in both cases. We study in detail the 
case when: (a) one of the equivalence r lations in the pair has precisely two equivalence classes; 
(b) one of the equivalence relations has at most three equivalence classes; (c) in one of the 
equivalence relations all but one equivalence classes are singletons. In cases (a) and (c) we 
describe all pairs of complementary equivalence r lations having this extremal property. In the 
case (a) the non-extremal pairs are related to Turan graphs. 
Keywords: Complete lattice; Complementary lattice, Complementary width; Equivalence rela- 
tions 
1 Introduction 
1.1. Complementation: Boolean algebras versus lattices 
Definition 1.1. Two elements a, beL  of a lattice L with 0 and 1 are said to be 
complementary if a A b = 0 and a V b = 1. In such a case the element b will be referred 
to as a complement of a. The lattice L is complemented if every element of L has 
a complement.  
In the sequel we consider only complemented lattices with 0 ¢ 1. It is possible to 
'measure'  a lattice by means of families of mutual ly  complementary  elements. Namely,  
define complementary width of a lattice L as the supremum of the cardinal it ies of all 
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families of mutually complementary elements in L. Following Birkhoff I-4] we denote 
by w*(L) the complementary width of a lattice L. Obviously, every family of 
mutually complementary elements is contained in a maximal family of mutaually 
complementary elements, therefore w*(L) is equal also to the supremum of the 
cardinalities of all maximal families of mutually complementary elements in L. 
In this paper we shall study the dual notion - -  the complementary tightness t*(L) 
of a lattice L ¢ {0, 1}, this is the minimum of the cardinalities of all non-trivial 
(i.e. different from {0, 1}) maximal families of mutually complementary elements 
in L. Obviously, always t*(L)~> 2, on the other hand, in a Boolean algebra 
B w*(B)= t*(B)= 2. This is why binary maximal families of mutually com- 
plementary elements will be of interest from the point of view of comparison between 
Boolean algebras and lattices. The fact that a pair {a,b} of complementary 
elements in a lattice L form a maximal family of mutually complementary elements 
could be interpreted as a weak uniqueness of the complement (we show below 
that this may occur, for example, in the lattice 8x of equivalence r lations on a set X, 
for distinct pairs {a,b} and {a,b'}). A complement b of an element a of a 
complemented lattice L is said to be an m-complement if he pair {a, b} is a maximal 
family of mutually complementary elements; otherwise b is said to be an e-complement 
(now {a, b} can be extended to a larger family of mutually complementary elements). 
Let us note that in a Boolean algebra B every complement is an m-complement, 
thus in particular every element has an m-complement. This could be considered 
as a measure of being close to a Boolean algebra for a complemented lattice. We 
aim to prove that in the lattice of equivalence relations most of the elements have 
m-complements. 
We recall that a distributive complemented lattice is a Boolean algebra, so that the 
lack of uniqueness of the complements in a complemented lattice is also a measure of 
the lack of distributivity. 
A complete complemented lattice in which every complement distinct from 0 and 
1 is an e-complement can be obtained as follows. Let X be a set with I X I > 2 and let 
Dx = Xu{O, 1} denote the partially ordered set with only non-trivial relations defined 
by 0 < x < 1 for each x e X. Obviously, every x ¢ x' in X are mutually complement- 
ary, so w*(Dx) = t*(Dx) = I Xl. 
The utility of the complementary width and tightness was pointed out in [5] in the 
case of the lattice of precompact group topologies on abelian groups where the usual 
monotone cardinal invariants cannot distinguish between on-isomorphic lattices of 
the same cardinality. 
1.2. The Boolean algebra of reflexive relations and its sublattices 
We begin with some terminology and notation. For a set X the complete Boolean 
algebra ~(X  × X) of all relations on X will be considered with the usual order by 
inclusion. Let Ax denote the diagonal o fX  x X. We will be interested in some subsets 
of this Boolean algebra contained in the complete Boolean algebra ~x of all reflexive 
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relations on X, i.e. those elements of ~(X  x X) which contain Ax. We note that both 
the meet and the join in ~x  coincide with those in ~(X  x X), i.e. with the set- 
theoretical union and intersection. On the other hand, the complement in -~x 
is defined by /~ = ((X×X)\R)uAx for R~lx ,  thus Ax is the zero element of :~x. 
The 'symmetry' a:XxX-+XxX,  defined by a (x ,y )= (y,x) for x,y~X, induces 
a natural involution of ~(X  × X) which we denote par abus de language again 
by a. Clearly, o~ x is invariant under a, so that we can consider the involution 
a:~x--+,~x. Then the subset ~x of fixed elements of a is a complete Boolean 
subalgebra of O~x. This notation is chosen to suggest that the relations in aJx are in fact 
undirected graphs with (all) self-loops, i.e. reflexive and symmetric relations on X. If 
one does not take into account he self-loops, the complement in this case is the dual 
graph. 
Till this point we had to deal with (complete) Boolean algebras o we had unique 
complementation. This uniqueness is lost when one shrinks further the Boolean 
algebra ~x.  This can be done in two ways: 
(i) remaining in the Boolean subalgebra f#x - -  this is the case of the subset dX of 
f#x consisting of all equivalence relations on X, and 
(ii) taking the subset ~rex of ~x  consisting of all partial preorders on X, i.e. all 
transitive and reflexive relations on X. 
Let us note that •x = ~rex~x.  Clearly, ~rex and fqx (and hence also ~x) contain 
Ax and are closed under arbitrary meets taken in .~x, thus both ;@rex and gx 
are complete sub-A-semilattices of ~x  with top element X xX.  So they have 
also a structure of complete lattices: the join of a family R: in Ji~rex is the transitive 
closure of the union (that is the join in ~x)~R: .  With respect o this join £x is 
a complete sublattice of ~rex. The complete lattice ;~rex is antiisomorphic to the 
complete sublattice +4tx, consisting of Alexandroff topologies (each point has 
a smallest neighbourhood, or equivalently, arbitrary intersections of open sets are 
open), of the complete lattice @x of all topologies on X. In order to avoid this 
antiisomorphism the authors of [8] considered the reversed order in ,@rex. Since no 
topologies will appear in this note, we prefer to keep the natural order by inclusion of 
.~rex. 
For the existence of complements in J-x the reader may consult Steiner [6], for the 
existence of complements in gx see Fact 2.3 below. The complete lattice ,y-1 of T1 
topologies on a set X need not be complemented (see [7] for a countable set X). The 
first construction of three mutually complementary elements in ~-z 1 , where Z is the set 
of integers, was accomplished by Anderson and Stewart [3]. Anderson [1] proved 
that w*(,Y-x) ~< IX I and this becomes an equality if the set X is infinite. In the case of 
a finite set X w*(,Y-x) <~ IXI - I holds if IX] >/4 is even [2]. Moreover, w*(J~x) = p 
for I g l  = p or I Xl = p + 1 with an odd prime p, whereas w*(Yx) = 2p - 1 if l X I = 2p 
or I XI = 2p - 1 [2]. In some of these cases the topologies considered in [2] are 
in fact equivalence relations with all classes doubletons (Hamiltonian topologies, 
in terms of [2]) and hence these results can be compared with those of the present 
paper. 
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2. Principal results 
Complementation is highly non-unique in the lattice 8x as shown in [8] in two 
aspects. The first is the following: w*(gx) = [X [ for an infinite set X [8, Theorems 3
and 4]. Analogous results hold for the lattices of all topologies, partial orders and 
partial preorders on X [8, Theorems 1 and 4]. It should be noted that always 
w*(Y-x ~)/> IXl holds [2], but w*(3-x 1) = IX[ cannot be decided in ZFC [8, Theorem 
3 and Corollary 4]. 
The second aspect concerns maximal families of mutually complementary equiva- 
lence relations. More precisely: 
Theorem 2.1. (a) [8, Theorem 7] For each m > 2 there exist maximal families of 
mutually complementary equivalence r lations of m members on any set X with I X [ >>. m. 
(b) [8, Section 61 For uncountable X there exist non-trivial maximal families of 
mutually complementary equivalence r lations of 2 members on X, i.e. t*(Sx) = 2. 
It should be noted that one of the equivalence r lations in the maximal families of 
mutually complementary equivalence relations in (b) has two equivalence classes of 
the same cardinality. 
In a preliminary version of [8] they forwarded the following. 
Conjecture 2.2. There is no non-trivial maximal family of 2 mutually complementary 
equivalence relations on any finite or countable set X, i.e. t*(gx) > 2. 
Our results disprove this conjecture in a strong way, it turns out that always 
t*(¢x) = 2 except he case IXI -- 3 (see Corollary 2.9 for a more precise description). 
The following notion is basic in our exposition. An R e Cx is almost discrete ifR has 
only one non-trivial class. As a first application we obtain an easy way to prove the 
known fact that the lattice gx is complemented. 
Fact 2.3. Let R = {A 1 . . . .  , An} be an equivalence r lation on X. Then for every choice 
of elements a~A~ the almost discrete equivalence relation R* on X having as only 
non-trivial class the set {al . . . .  ,an} is complementary to R. 
The trivial verification will be omitted. Let us note that an almost discrete comp- 
lement R* of R is unique up to isomorphism w.r.t. R, in the sense that if S is another 
almost discrete complement of R, then there exists a bijectionf: X ~ X such that for 
each pair x, y~X,  xRy  i f f f (x)Rf(y),  and xR*y  if f f(x)Sf(y).  In fact, i fB is the only 
non-trivial class of S, then every AinB consists of a single element bl of B. Now the 
bijection f :  X ~ X which sends al to bl for i=  1 . . . .  , n and leaves fixed the rest of 
X does the job. 
We say that two cardinal numbers ~ and fl are almost equal if either ~ = fl, or both 
and fl are finite and [ ~ - fl[ ~< 1. 
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Theorem 2.4. Let X be a set with more than two elements and let R = {A1, A2} be an 
equivalence relation on X. Then R has an e-complement iff l A1 ] and I A2 I are almost 
equal and IX I is at most countable. 
Combined with Fact 2.3 this theorem shows that an equivalence relation 
R = {A1, A2} has an m-complement (actually, every complement of R is an m- 
complement) i fX is uncountable or I A~ [ and I A2 I are not almost equal. This provides 
the first negative answer to Conjecture 2.2 and strengthens substantially Theorem 
2.1(b). The proofs of Theorems 2.4-2.6 and 2.12, and Corollary 2.15 will be given in 
Section 3. 
If R e ~x, then x e X will be called an R-free vertex if the R-equivalence class of x is 
just {x}. This is compatible with the graph terminology when we consider R as 
a graph with vertices X. 
In view of Theorem 2.4 we consider in the sequel the case when X is at most 
countable and the cardinal numbers I A~ I and [Az[ are almost equal. 
Theorem 2.5. Let X be a finite set with more than two elements and let R = {A1, A 21 be 
an equivalence relation on X such that I A1 I and [A2 [ are almost equal. Then a comp- 
lement R' of  R is an e-complement iffboth A 1 and A 2 contain at most one R'zfree vertex. 
The countably infinite case is analogous, but there is a slight difference which made 
us consider each case separately. 
Theorem 2.6. Let X be a countably infinite set and let R = {A~, A2} be an equivalence 
relation on X such that I A1 [ = [A2 I. Then a complement R'  of R is an e-complement !ff
X has at most one R'-free vertex. 
In the next two corollaries we summarize all we have seen in the case of an 
equivalence relation with two equivalence classes. They show that even in the case of 
an at most countable set X the equivalence relations R = {A1, A2} having an m- 
complement prevail substantially (see also Remark 2.10(a) below). 
Corollary 2.7. Let X be a finite set with more than two elements and let R = { A 1, A 2 } be 
an equivalence relation on X. Then a complement R' of  R is an e-complement iffl A 1 I and 
I A21 are almost equal and there is at most one R'-free vertex in each R-class A1, A2, 
Corollary 2.8. Let X be an infinite set and let R -- {A~, A2} be an equivalence relation 
on X. Then a complement R'  of  R is an e-complement iffX, A1 and A 2 are countable and 
X contains at most one R'-free vertex. 
Now we see that for I XI /> 3 there are only two cases when an equivalence relation 
R = {A1, A2} on X has no m-complement. This will completely settle Conjecture 2.2. 
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Corollary 2.9. Let  X be a set with IX[ t> 3. Then an equivalence relation R = {A1, A2} 
on X has no m-complement iff either [ X ] = 3 or [ Aa [ = [ A2 [ = 2 (and consequently, 
IX[ = 4). In particular, t*(gx) > 2/ i f  IX[ = 3. In that case t*(~x) = 3. 
Proof. The sufficiency is obvious. To prove the necessity we consider the almost 
discrete complement R* and assume, without loss of generality, that I A1 [ ~> ]A2 I. 
Assume that the condition is not fulfilled. It is easily seen that under this assumption 
IAI[ ~> 3, thus A1 contains at least two R*-free vertices and Theorems 2.5 and 2.6 
apply. This proves the first part of the corollary which implies that for a set X with 
IXl > 3 always t* (gx)  = 2. 
Assume now that [ X I = 3. Then the lattice gx is isomorphic to the lattice D~I, 2, 3 ~ as 
defined at the end of Section 1.1, so that in this case t* (gx)  = 3. [] 
Remark 2.10. There aspects of the above results should be mentioned. 
(a) They show that among the pairs of complementary equivalence r lations uch 
that one of them has two equivalence classes the maximal ones prevail. More 
precisely, for each odd n there exists on X with I Xl = n precisely one (up to 
isomorphism) pair of complementary equivalence relations on X, such that one of 
them has two equivalence classes, which is not maximal. In case n is even or countably 
infinite this number is two. 
(b) Now item (b) of Theorem 2.1 is an easy corollary of our Corollary 2.9. 
(c) The non-external (i.e. non-maximal) pairs {R,R'} are those in which the 
equivalence relation R, considered as a 2-coloring of the graph R', presents an 
analogue of the famous Turan graph considered in the setting of equivalence r lations. 
(Turan graph arises from other extremal problems, namely that of non-existence 
of triangles: among all graphs of n vertices with no triangles Turan graph has 
the maximum number of edges - -  the greatest integer not exceeding n2/4). We note 
that also in our case the equivalence r lation R' has almost the maximal number of 
edges. 
Now we characterize the equivalence r lations for which an almost discrete comp- 
lement is an m-complement. 
Def in i t ion 2.11. An equivalence relation R = {A1 . . . .  , A ,}  on a set X is balanced if 
[Ak[ ~< n for each k~{1, 2, ... ,n}. 
Obviously, [X I ~< n 2 holds for a balanced equivalence r lation but the converse is
not true. Incidentally, this fact implies that in both cases of the next theorem the set 
X is finite. 
Theorem 2.12. Let  R = {A1 . . . .  , A,}, n > 1, be an equivalence relation on a set X with 
I X [ > 3. Then the fol lowin9 are equivalent: 
(a) the almost discrete complement R* of  R is an e-complement; 
(b) R is balanced and IX[ ~> 2n - 1. 
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Notice that for [XI = I RI = ~o the theorem cannot be true since (b) is vacuously 
satisfied while (a) can certainly fail (consider, for example, the case in which all but 
a finite number  of elements of X are R-free). However, for finite n, the condition 
] X L/> 2n - 1 can be restated as I R* ] ~> IR I = n, and using this formulation (b) turns 
out to be equivalent o 
(b') R is balanced and [ R*  [ >1 ] R 1, 
for any n ~ o). 
Corollary 2.13. Let  R = {A 1, " ' "  , A, }, n > 1, be an equivalence relation on a set X with 
] X ] > 3. I f  R has no m-complement then 2n - 1 <~ l X ] <~ n 2. 
This corol lary implies that if Re  ~x and either mR1 < x/I X[ or ]RI > (I X I + 1)/2 
then R has an m-complement. In particular, (a) every equivalence relation with a finite 
number  of equivalence classes on an infinite set has an m-complement; (b) the part 
]X I > 4 of Corol lary 2.9 follows from this corollary with n = 2. For  n = 3 we have the 
following. 
Theorem 2.14. An equivalence relation R = {A1, A2, A3} on a set X has no m-comp- 
lement if[" R is balanced and ] X ] >~ 5. 
Proof. If l X ] = 3, then R is discrete, so has an m-complement. If l X I ~> 10 or I X [ = 4, 
then R has an m-complement by Corol lary 2.13. Consider the 8 cases when 
5 ~<]XI ~< 9 and R is balanced. Now the almost discrete complement of R is an 
e-complement by Theorem 2.12. The verification that the remaining complements of 
R as well are e-complements in each of these 8 cases is left to the reader. [] 
Corollary 2.15. Let  R be an almost discrete equivalence relation on a set X,  let B be the 
only non-trivial class of  R and let n = ] B ]. Then the Jbllowing are equivalent: 
(a) R has no m-complement; 
(b) ]Xt = 2n - 1; 
(c) IX I=2 IR I -  1; 
(d) R* is an e-complement of  R; 
(e) R is balanced and I XI >i 2[ R I - 1. 
The following example shows that in the above situation there may exist an 
e-complement of R, but R may fail to satisfy the equivalent conditions of Corol- 
lary 2.15 (i.e. R* may be an m-complement of R): for n ~> 2 X = {al . . . . .  a,, 
bl  . . . . .  bn} and R = {{a,, ... ,a,}, {bl} . . . . .  {b,}}. 
If R is not almost discrete, then some of the equivalences in Corol lary 2.15 do not 
hold; however we conjecture that (a), (b) and (e) remain equivalent in general, namely: 
Conjecture 2.16. For  n > 2 an equivalence relation R = {A1 . . . . .  A,} on a finite set 
X has no m-complement iff R is balanced and I XI  >/2n - 1. 
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Let us note that according to Corollary 2.15 this conjecture is true in case R is 
almost discrete (and, of course, when R is discrete). Furthermore, by Theorem 2.14 this 
remains true also in the case n = 3. We feel that it should be true for Hamiltonian 
topologies (as defined in [2]), or more generally, for equivalence r lations having all 
equivalence classes of the same cardinality. 
3. Proofs of the main results 
The next lemma describes the complements of an almost discrete equivalence 
relation and their properties. The proof of item (b) is contained in the comments after 
Fact 2.3, the rest is obvious. 
Lemma 3.1. Let R be an almost discrete quivalence r lation on a set X with non-trivial 
class B and let R' = {A1, ... ,A,} be an equivalence relation on X. 
(a) R' is complementary to R /if(i) Ai meets B in one point for each iE{1, ... ,n} 
(consequently n = [ B l) and; (ii) no R-free point is R'-free. 
(b) I f  R' is complementary to R and S is an almost discrete equivalence relation on 
X complementary to R', then S is isomorphic to R. 
(c) I f  R' is complementary to R, then: (i) no equivalence r lation properly contained in 
R is complementary to R'; (ii) no equivalence relation properly containing R' is com- 
plementary to R. 
Item (c) in the above lemma shows that: (i) almost discrete complements are 
minimal; (ii) complements of almost discrete quivalence relations are maximal. We 
notice that these two properties easily characterize almost discrete quivalence r la- 
tions. 
Lemma 3.2. For an equivalence relation R the following are equivalent: 
(a) R is almost discrete; 
(b) every complement S of R is a maximal complement of R and R is a minimal 
complement of S. 
It should be noted that only the existence of a complement S of R with the 
properties described in (b) is sufficient to guarantee that R is almost discrete, but we 
omit a proof of this fact which is not entirely trivial. 
The following simple lemma will be needed. 
Lemma 3.3. Let R be an equivalence relation having only at most countably many 
equivalence classes on a set X. I f  R has an e-complement (in particular, if R has no 
m-complement) then [ X [ <~ co. 
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Proof. Clearly, every equivalence relation S complementary to R has all classes at 
most countable. Let S ~ gx be e-complement of R. Then there exists S'~ gx com- 
plementary to both R and S. By the above remark both S and S' have countable 
equivalence classes. Since S and S' are complementary, the graph SwS'  is connected. 
Now an easy induction argument shows that X is countable. [] 
Lemma 3.4. Let X be an at most countable set, R = {A1, A2} be an equivalence r lation 
of  X and R' be a complement ofR such that one of the R-equivalence classes contains two 
R'-free vertices. Then R' is an m-complement of R. 
Proof. Let b and c be the R'-free vertices. We assume, without loss of generality, that 
they belong to the class At. Assume R' is not an m-complement and let R" be 
a complement of both R and R'. Then there must exists a finite path from b to c of the 
form 
bR"zlR'z2R" ... ZkR"C. 
It is immediate to see that k must be even. On the other hand, zl e A2 when i is odd 
whereas zisA~ if i is even. This leads to a contradiction since ZkR"C and both Zk and 
care inA~.  [] 
Lemma 3.5. Let X be a set with 3 <<. IX1 <~ tn and R = {A1,A2} be an equivalence 
relation of X such that [ A 1 [ and [A 2 [ are almost equal. Then there exists a complement 
R' of  R such that 
(i) X contains at most one R'-free vertex, in case [ X I = co, or 
(ii) both A1 and A 2 contain at most one R'-free vertex, in case [XI < e). 
Every complement R'  of R with this property is an e-complement. 
Proof. Consider first the case in which X is finite. Then we can assume, without loss of 
generality, that A1 = {al . . . . .  a,} and A2 -- {bl . . . . .  b,,} where m ~< n ~< m + 1. De- 
fine R' by setting ai R'bi for i~ {1, . . . ,  m}. Obviously, R' satisfies (ii). 
In case X is countably infinite both A~ and A 2 are  countably infinite and R' is 
defined in the same way. Then R' satisfies (i). 
It is easy to check in both cases that R', as well as any other complement R' of 
R with property (i), or respectively (ii), is an e-complement of R (see Fig. 1). [] 
Proof of Theorem 2.4. To show the sufficiency assume that X is at most countable and 
I A1 I is almost equal to I Aa I. To produce an e-complement R' of R it suffices to apply 
Lemma 3.5. 
To prove the necessity, assume first that X is uncountable. In this case simply apply 
Lemma 3.3 to conclude that every complement of R is an m-complement. 
Now assume that I A1 I and IA21 are not almost equal and X is at most countable. 
Take an arbitrary complement R'  of R. To prove that R' is an m-complement we can 
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apply Lemma 3.4 in case one of the R-classes contains two R'-free vertices. Assume 
this does not occur. Then the complement R' of R will produce a bijection between 
a subset B1 of Aa and a subset B2 of A2, such that Bi and Ai are almost equal for 
ie {1, 2}. This proves that [ Aa I and I A21 are almost equal - -  a contradiction. [] 
Proof of Theorem 2.5. If one of the R-equivalence classes contains at least two R'-free 
vertices R'  is an m-complement of R according to Lemma 3.4. Conversely, if this does 
not occur, then condition (ii) of Lemma 3.5 is verified, thus R'  is not an m-complement 
of R. [] 
Proof of Theorem 2.6. If X has at most one R'-free vertex then condition (i) of Lemma 
3.5 is verified, thus R'  is an e-complement of R. 
For the converse, assume that there are two R'-free vertices. There are two cases: if 
they both belong to the same R-class we apply Lemma 3.4 to conclude that R' is not 
an m-complement. Otherwise, let b and c be two R'-free vertices in A~ and A2, 
respectively. Assume that R' is an e-complement of R and let R" be complementary to 
both R and R'. As in the proof of Lemma 3.4 notice that there must exist a finite path 
from b to c of the form 
bR"  z l  R '  z2R"  ... ZkR"  c. 
Now set S = {Zx . . . .  ,z~, b, c} and consider an arbitrary element d~AlkS (note that 
this set is non-empty since A1 is infinite). Observe that there can be no element of 
S which is R'-equivalent or R"-equivalent to d. This contradicts the fact that R' and R" 
are complementary, [] 
Proof of Theorem 2.12. Let us note that if R is discrete then R* is the trivial 
equivalence relation so that none of (a) and (b) hold. Thus, the theorem holds for 
discrete R. From now on we suppose that R is not discrete. 
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Let B = {al . . . .  ,a,} be the only non-trivial class of R*, with a ieA i .  
(a) =~(b); By (a) {R, R*} is not maximal.  Let R'  be an equivalence relation 
complementary to both R and R*, then by Lemma 3.1, R'  = {C1 . . . . .  C,} and we can 
assume a ie  C i . 
Since L A/~Cj l  ~< 1 we have that [A~[ ~< n, and hence R is balanced. 
For 1 ~< i ~< n, let/ l i  be the graph on Ai which is star centered at ag (that is, take all 
edges from ai to all other members of Ai). Let R be the union of all the/1~, it is easy to 
see that the graph R has IX] - n edges. Since R V R'  = 1 it follows that RuR'  is 
connected, which implies that also the graph RwR'  is connected. Then R must have at 
least n - 1 edges since R' has n components. This yields IX [ >~ 2n - 1. 
(b) ~ (a): Suppose IX] >~ 2n - 1 and R is balanced. The latter assumption implies 
that X is finite. For ie{1 . . . . .  n} let Ai={a l ,  b ) , . . . ,bP '} ,  and assume that 
hi ~> ... ~> h,. To see that R* is an e-complement we construct an equivalence 
relation R'  = {C1, . . . ,  C,} complementary to both R and R*. First place each ag in 
C,. Then place b11, ... ,b ]' in C2, ... ,Ch,+l,  respectively; place b~, ... ,b~: in 
Ch, + z . . . . .  Ch, +h2+ 1, respectively; continue in this manner until an element (other 
than a,) is placed into C,. Since [ X I/> 2n - 1 this will happen at some stage too, so 
that b j° . . . . . . . . . .  is placed into C,. If Jo < h,,o cycle back and place b jc'+l bm~:'h" in 
C1 . . . . .  Ch.o-~o ifhmo - Jo  < too. Otherwise, since no b~,, may be placed into C .... place 
b~' +~ with mo ~< s ~< h,, ° - Jo  in C~+~ instead. Finally, for m >mo place b I . . . .  ,b~ °'in 
C,,+ 1, ... , C~+h., respectively (cycling back modulo n if necessary). 
Trivially, R'  is a complement of R*. 
The R-class A1 connects the R'-classes C1, C2 . . . .  , Ch, + ~, the R-classes A~ and A 2 
connect the R'-classes C1, C2 . . . .  , Ch ,  + 1,  Ch  t + 2 . . . . .  Cht +h: + 1, etc. Hence, [ X [ ~> 
2n - 1, i.e., hi + h2 + ... + h, >~ n - 1, yields that RwR'  is connected. On the other 
hand, hi ~< n - 1 for i = 1, 2, ... ,n, since R is balanced. Thus, at each stage i the 
hi elements of Ai \{a i  } are placed into distinct R'-classes C~ . . . . .  Ci 1, Ci + ~ , ... , C, as 
described above. Therefore, R and R'  are disjoint and consequently they are comp- 
lements. [] 
Proof of Corollary 2.15. The implication (a )~(d)  is obvious. To prove the equi- 
valence of (b) and (c) it suffices to notice that in view of 
[X I=n+]R] -  1, (1) 
both (b) and (c) are equivalent o n -- [R l- 
Obviously, R is balanced iff n ~< IR 1. By virtue of (1), ] X [ ~> 21R I -- 1 is equivalent 
to n ~> IR I. Therefore, (e) is equivalent o n = [R [, hence to both (b) and (c). 
The equivalence of (d) and (e) follows from Theorem 2.12. 
We conclude by showing (b )~(a) .  Let S = {A1, ... ,Ak} be a complement of R. 
Then k = n and R is isomorphic to the almost discrete complement S* of S according 
to Lemma 3.1. Moreover,  each S-class meets B into a single element, hence S is 
balanced if J R[ ~< n (for then I AiJ ~< IS[ = n for each i). Therefore, (b) implies that S 
is balanced and (trivially) I X[ >i 2n -  1. According to Theorem 2.12, R = S* is 
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an e-complement of S, so the pair {S, S* } is not maximal. Hence, S is an e-complement 
of R. [] 
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